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SUMMARY 
The basic field in which the research is conducted is quality 
control, in particular the economical aspects of statistical acceptance 
sampling. The study is concerned exclusively with failure costs—those 
costs incurred by a manufacturer due to material which does not meet 
company or buyer specifications. The purpose of the research is to 
develop models to minimize total failure cost for specific producer-
consumer relationships without affecting other costs related to quality 
control. 
The environmental basis upon which the study is carried out is 
illustrated by a decision-action diagram (Figure 3-1, page 17) which 
describes an arbitrary set of futures which a finished item might 
undergo. The diagram incorporates both possible producer and consumer 
behavior. It is assumed that produced material is initially in lots of 
a fixed size, and failure costs will be expressed on a per lot (or per 
lot size) basis. 
The first step in the study is to develop a procedure for mini­
mizing the cost of handling lots rejected by the producer's statistical 
acceptance plan. As shown by the decision-action diagram, the producer 
has three alternatives open to him regarding the disposition of rejected 
lots—scrap them, sell them at a reduced price, or screen them and take 
subsequent action according to the diagram. The losses in revenue from 
scrapping rejected1 lots or selling them at a reduced price are regarded 
as "costs" of having defective material, and assumed to be independent of 
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the amount of defective material in the lots. For the screening 
alternative the total failure cost per lot depends on the number and 
different types of defects in the lot. A simple minimum-cost procedure 
based on inspection of scrap values, reduced prices, and rework costs 
for the different types of defects is specified for the screening 
alternative. The minimum cost for the screening alternative is compared 
with the alternative costs of scrapping lots or selling them at a 
reduced price, and the lowest-cost alternative is selected. 
An analytical method of determining the average number of defec­
tive items in rejected lots is developed, based on knowledge about the 
prior distribution of lot fraction defective. Monte Carlo simulation 
techniques are used to simulate lots of product, which are sampled 
according to a specified single sampling plan. The value for the 
average number of defects in rejected lots for the simulated case is 
compared to the value obtained analytically, as a cumulative function 
of the number of lots sampled and the number of rejected lots screened, 
respectively, the purpose being to test the closeness of sample data 
to the analytical value. 
The minimum-cost procedures for handling rejected material are 
utilized in cost models which determine the total failure cost per lot 
produced for different producer-consumer situations illustrated by the 
decision-action diagram. Five cases are considered, and cost models 
are formulated for two of them. These two cases are: 
1 . The case where the consumer inspects incoming lots and 
returns rejected lots to the producer. 
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2. The case where the consumer inspects incoming lots, screens 
rejected lots, and returns the defective items obtained by screening 
to the producer. 
Analytical expressions are developed to determine the total failure 
cost per lot produced (wherein the minimum-cost procedures for handling 
rejected material are extended to defective material returned by the 
consumer) for each of the two cases. Given knowledge about the 
parameters (n3o) of the consumer's inspection plan (assumed to be a 
single sampling plan), the failure cost per lot produced is plotted 
graphically as a function of the acceptance number o of the producer's 
inspection plan (also assumed to be a single sampling plan), and the 
value of Q for the producer's plan is selected which will minimize the 
total failure cost. Since changing the acceptance number of the plan 
does not significantly change the cost of carrying out the inspection 
process, the failure cost will have been minimized without affecting the 
other costs of inspection. 
A number of recommendations are made regarding possible sub­
sequent research in the same area, including: 
1 . The formulation of a computer program to determine the 
values of the failure costs for the different acceptance numbers and 
select the minimum-cost inspection plan for the producer. 
2. The extension of the models to include the effects of 
changing the sample size n in the producer's plan, thus bringing into 
consideration the costs of carrying out the inspection, which to some 




One of the major functions of quality control is acceptance 
sampling, and a considerable amount of literature has been devoted to 
the subject. Much of the early literature dealt with the design and 
execution of various types of statistical sampling plans to yield 
quality assurance. In recent years, increasing emphasis has been 
placed on the economic aspects of acceptance sampling procedures. 
One approach toward classifying the costs of quality control 
has been that taken by Masser,"*" who divides the costs of quality into 
three major categories: prevention costs, appraisal costs, and failure 
costs. Prevention costs are defined as those costs incurred in the 
process of keeping defects from occurring in the first place, including 
such cost areas as quality control engineering and quality training. 
Appraisal costs include the expenses for maintaining company quality 
levels by means of formal evaluations of product quality; e.g., the 
costs of carrying out the inspection processes and maintaining inspec­
tion equipment. Failure costs are caused by defective materials and 
products that do not meet company or buyer specifications. Included in 
this category are such items as scrap, rework, and the cost of vendor 
relations on defective items. These three types of costs will be 
W. J. Masser, "The Quality Manager and Quality Costs," 
Industrial Quality Control3 vol. 14, 1957, pp. 5-8. 
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discussed more extensively in the Literature Survey. 
The costs of acceptance sampling are those encompassed by the 
last two categories mentioned above, namely, appraisal and failure 
costs. Attempts have been made by various authors to design statistical 
inspection plans such that the sum of appraisal and failure costs will 
be minimized. Several of these minimum-cost procedures are presented 
in the Literature Survey. This research will be concerned exclusively 
with failure costs, and procedures for defining and minimizing the total 
failure cost in particular situations without affecting appraisal costs. 
The failure costs incurred by a producer, disregarding the 
economic effects of loss of good will, will depend upon the amount of 
defective material which the producer has on hand, and the procedures 
which he adopts with respect to this material. The amount of unaccept­
able material will be influenced by his own standards toward the quality 
of material; i.e., his acceptance sampling procedures, and by consumer 
policy toward purchased material. The course of action which the pro­
ducer takes with defective material may be fixed or open to selection 
in the case of defective material possessed by the consumer, and is 
entirely open to selection in the case of defective material obtained 
by the inspection process. 
In the. study, limitations will be imposed upon: 
1. The nature of the product. 
2. The nature of the producer's inspection process. 
3. The range of alternative courses of action open to the 
producer with respect to defective material. 
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4 . The range of alternatives open to the consumer regarding 
incoming and defective material. 
Within the framework of these limitations, a decision-action 
diagram will be constructed which will describe the possible futures 
which may befall a lot of finished product. This diagram will be 
discussed in greater detail later in the report. The purpose of this 
study will be to minimize the failure cost (without affecting appraisal 
costs) of the producer, for a number of producer-consumer situations 
illustrated by the decision-action diagram, by: 
1. Developing a decision process which will result in handling 
of defective material at a minimum cost to the producer. 
2 . Establishing procedures for minimizing the total amount of 
defective material which the producer has on hand, for each of the 
producer-consumer situations considered. 
The approach adopted in this study is somewhat different from 
those utilized by previous researchers. It is hoped that the results 
of the research will provide a new and useful, although limited tech­





The cos t s of achieving and maintaining qual i ty in industry have 
become very high in recent years . Evidence points to the fact that many 
businesses have qua l i ty -cos t expenditures representing 7, 8, or 10 per 
cent , or even more, of the i r cost of s a l e s . 
There are two challenges that competitive condit ions present to 
American management with regard to product qual i ty: 
1. Considerable improvement in the qual i ty of many products and 
many qual i ty p r a c t i c e s . 
2. Substantial reduction in overa l l cos t s of maintaining con­
formance to a spec i f ied l e v e l (or l e v e l s ) of qua l i ty . 
I t i s within t h i s second general area of cost reduction that t h i s 
study w i l l take p lace . 
A Breakdown of Quality Costs 
There are numerous approaches to the concept of qual i ty control 
c o s t . As discussed in the Introduction, one approach i s that taken by 
Masser. 
Masser separates qual i ty control cos t s into prevention c o s t s , 
appraisal c o s t s , and f a i l u r e c o s t s . Prevention and appraisal cos t s 
Masser, op, oit.3 pp. 5-8. 
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w i l l be considered b r i e f l y , and fa i lure cos ts w i l l be discussed more 
ex tens ive ly , because of t h e i r part icular relevance to t h i s study. 
Prevention costs are spent for the purpose of keeping defects 
from occurring in the f i r s t p lace . Included in t h i s area are such 
costs as qual i ty engineering, qual i ty maintenance of patterns and 
t o o l s , employee qual i ty t ra in ing , and writing qual i ty assurance 
i n s t r u c t i o n s . 
Appraisal costs include the expenses for maintaining qual i ty 
l e v e l s by means of formal evaluations of product qua l i ty . This involves 
such cost elements as inspect ion , t e s t , qual i ty a u d i t s , outside endorse­
ments, and laboratory acceptance examinations. 
Failure costs are caused by defec t ive materials and products 
that do not meet company qual i ty s p e c i f i c a t i o n s . Masser considers 
f a i l u r e cos t s to cons i s t of the fol lowing elements: 
1 . Scrap—all l o s se s incurred for scrap, excepting that due to 
the fau l t of the vendor. 
2. Rework—all l o s s e s incurred for rework, excepting that due 
to the fau l t of the vendor. 
3. Scrap and rework—fault of vendor—all l o s s e s to the business 
incurred by the use of vendor material that does not conform to s p e c i ­
f i c a t i o n s . This includes both rework and scrap, regardless of whether 
the material i s accepted on a "use as i s " bas is or whether i t i s within 
the acceptable qual i ty l e v e l . 
4. Material procurement—an average cost to the business for 
outside vendor or a l l i e d plant inspector ' s r e j e c t i o n , mult ipl ied by the 
number of required inspect ion reports issued for the period covered. 
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Also included i s the cost of i s suing formal complaints to vendors for 
any l o t s of questionable material accepted on a review b a s i s . 
5. Factory contact engineering—costs due t o the time design or 
product engineering personnel spend on factory problems involving 
qua l i ty . Exclude engineering development work. 
6. Complaints—all expenditures for the adjustment of complaints. 
7. Product services—all product serv ice charges d i r e c t l y 
a t tr ibutable to correcting imperfections, not included in complaints. 
The basic concept of f a i l u r e costs—the cos t s of defec t ive 
mater ia l—wil l be adopted in t h i s study. However, the elements com­
pr i s ing t o t a l f a i l u r e cost w i l l be a l tered for the purposes of the 
study, while s t i l l conforming to the d e f i n i t i o n of f a i l u r e c o s t s . 
Feigenbaum"'" s t a t e s that the breakdown of t o t a l qual i ty cost can 
be generalized as fo l lows: prevention costs—5 per cent , appraisal 
costs—25 per cent , f a i l u r e costs—75 per cent . 
Total Quality Control 
Feigenbaum suggests the "tota l qual i ty control" approach to 
reducing qual i ty control c o s t s . Emphasis i s placed on s tar t ing control 
with the design of the product and ending only when the product has 
been placed in the hands of a customer who i s s a t i s f i e d . I t i s h i s 
b e l i e f that a de l iberate increase in prevention cos ts w i l l r e s u l t in 
even greater savings in appraisal and prevention c o s t s . Tightening 
inspect ion procedures (and thereby increasing appraisal c o s t s ) does not 
A. V. Feigenbaum, Total Quality Controls New York, McGraw-Hill 
Book Company, I n c . , 1961, p. 84. 
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e f f e c t i v e l y reduce the number of d e f e c t s , and the best procedure i s to 
spend addit ional money on emphasizing prevention of defec ts before they 
1 
occur. 
Past Data as a Basis for Reducing Costs 
Past data i s often used as a bas is for future act ions aimed 
toward reducing qual i ty control c o s t s . Quality control report s , which 
may be prepared by the accounting department, i l l u s t r a t e the percentage 
breakdown of the various c o s t s , using some type of volume base such as 
s a l e s , d irec t labor, or manufacturing-cost output. Management w i l l then 
s e l e c t the larger percentage categories during t h i s time period as 
2 
primary areas for cost reduction during the ensuing time period. 
Optimum Total Quality Control Cost 
3 
Juran s ta te s that there i s an optimum t o t a l qual i ty control 
c o s t , which i s depicted graphical ly in Figure 2 - 1 . Increased qual i ty 
conformance reduces the l o s s e s due to d e f e c t i v e s . However, the cost 
of the controls needed for greater conformance r i s e s geometrical ly as 
perfect ion (zero defects) i s approached. The optimum i s always short of 
per fec t ion . 
Ibid. , p. 16. 
2 
Ibid. , p . 89. 
3 
J. M. Juran (Edi tor) , Quality Control Handbook, New York, 
McGraw-Hill Book Company, I n c . , 1951, p. 1-10. 
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100% QUALITY OF No 
Defective CONFORMANCE Defect ives 
Figure 2 - 1 . Economics of Quality of Conformance 
S t a t i s t i c a l Acceptance Sampling Plans 
Based Upon Economic Cri ter ia 
Three factors which have been important in the design of s t a ­
t i s t i c a l acceptance sampling plans are the operating c h a r a c t e r i s t i c s 
and the producer's and consumer's r i s k s . Dodge and Romig''" f i r s t i n t r o ­
duced the concepts of the l o t tolerance fract ion d e f e c t i v e , the con­
sumer's r i s k , the process average and the average amount of inspec t ion , 
and i l l u s t r a t e d means of expressing these quant i t i e s by the l o t s i z e , 
the sample s i z e , and the acceptance number. Since then, the most 
popular and useful concept has been the operating c h a r a c t e r i s t i c . 
The Single Sampling Plan 
A s ing le sampling plan i s defined by three numbers: the l o t s i z e 
^H. F. Dodge and H. G. Romig, Sampling Inspection Tables— 
Single and Double Sampling. New York: John Wiley £ Sons, I n c . , 1962. 
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N9 the sample size n, and the acceptance number o. The decision rule 
is to accept the lot if the number of defectives in the sample is equal 
to or less than the acceptance number, otherwise reject the lot. For a 
lot with fraction defective p - X/N, the probability of acceptance i s 1 
Plotting the acceptance probability as a function of the fraction defec­
tive of the inspection lot results in the operating characteristic (OC) 
curve of the given sampling plan, which completely describes the power 
of the plan to discriminate between lots with high and low fractions 
defectives, respectively. 
A common method of designing the inspection plan has been to 
choose two points on the OC-curve which lead to two equations for the 
determination of n and o. These two points are usually known as the 
producer's and consumer's risk points. The producer's risk point 
(p^,l-a) consists of a low fraction defective and a high probability 
(1-a) of acceptance; i.e., the producer wishes to reject lots of an 
acceptable quality level p^ only a per cent of the time. The consumer's 
risk point ( p ^ B ) consists of a high fraction defective p^ and a low 
probability 3 of acceptance. For example, n and o may be set as closely 
(2-1) 
A. Hald, "The Compound Hypergeometric Distribution and a System 
of Single Sampling Inspection Based on Prior Distributions and Costs," 
Technometrics3 vol. 2, no, 3, 1960, p. 277. 
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as poss ib le ( s a t i s f y i n g integer requirements) to a plan with a = .05 and 
$ = .10. 
Hald s t a t e s that: 
Among the pract i ca l considerations in determining the r isk points 
the fol lowing may be mentioned: What qual i ty has the consumer 
ac tua l ly got previous ly , i . e . what i s the (prior) d i s t r ibut ion of 
previously submitted lo t s? What i s normal market qual i ty at the 
price the consumer i s w i l l i n g to pay, i . e . what are the (prior) 
d i s t r ibut ions for the suppliers of the market? What fract ion 
defec t ive can the consumer t o l e r a t e without giving him any e s s e n t i a l 
trouble with the intended use of product and what fract ion defec t ive 
w i l l be i n t o l e r a b l e , i . e . how does the trouble (damage, l o s s ) depend 
on number of defec t ive items accepted? 
Besides these points other cons iderat ions , as for example the 
need for the good in quest ion, comes i n . The conclusion i s that 
even i f we have a perfect so lut ion to the purely s t a t i s t i c a l 
problem of determining a sampling plan corresponding to any given 
set of two points on an OC-curve the r e s u l t i n g plan must to a large 
extent be considered arbitrary because we have no rat ional way of 
choosing the producer's and consumer's r i s k s and r i sk p o i n t s . 1 
Thus there are no c lear-cut considerations for economical choice of the 
two r i sk points from which the sampling plan may be devised. 
The Acceptable Quality Level Concept 
An important concept in some sampling systems i s the Acceptable 
Quality Level (AQL), which may be defined in the fol lowing way: "The 
maximum percent de fec t ive which can be considered s a t i s f a c t o r y as a 
2 
process average." Hald s t a t e s that i t can be shown that "under some 
simple assumptions regarding cos t s it does not pay to inspect if the 
lots submitted for inspection are produced from a process which is in 
statistical control with a process average p less than or equal to the 
1Ibid., p. 278. 
2 
Industr ia l Quality Control, 14, no. 5, 1957, p . 6. 
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AQL3 i.e. a binomial prior distribution." I t i s assumed that the l o s s 
caused by accepting a defec t ive on the average i s 1; i . e . , the l o s s from 
accepting a defec t ive i s used as a uni t for the other cos t e lements, and 
that the inspect ion cos t per item inspected i s k. The cost of 100 per 
cent inspect ion then becomes N/c and the l o s s from (cost o f ) no inspect ion 
i s Np, Assuming p < k9 the average t o t a l cost of sampling inspect ion i s 
shown to be (assuming re jected l o t s to be f u l l y inspected) 
nk + (N-n)(pP + fc(l-P )) (2-2) a a 
2 
which i s always larger than Np for p < k. Thus the AQL concept implies 
some prior cost cons iderat ions . 
The Dodge-Romig System 
Numerous methods have been developed for s p e c i f i c s i t u a t i o n s 
whereby one of the two points i s f ixed and the inspect ion plan i s 
designed so as to minimize cos t s while sa t i s fy ing the r e s t r i c t i o n . 
. . 2 
Dodge and Romig u t i l i z e d such an approach. 
In the Dodge-Romig paper, the discuss ion i s l imited to non­
destruct ive inspect ion and i t i s further spec i f i ed that a l l re jec ted 
l o t s w i l l be completely inspected and a l l de fec t ive items replaced by 
good i tems. The authors consider a s i t u a t i o n with a prior d i s t r i b u t i o n 
composed of a normal part , which i s binomial with process average py and 
Hald, op. oit.y p . 279. 
Dodge and Romig, op. ait. 
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a part of considerably poorer q u a l i t y , without specifying the form of 
the poor part or the r e l a t i v e weights of the two part s . A consumer's 
r i sk point ( p , , 3 ) i s s p e c i f i e d , such that p, i s the "lot tolerance 
fract ion defect ive"—that fract ion defect ive which represents a com­
p l e t e l y unacceptable lot—and $, se t equal to .10 , s a t i s f i e s customer 
des ire t o be protected from bad lots,"'" 
Bas i ca l l y , the Dodge-Romig system seeks to minimize the average 
t o t a l inspect ion cost for normal production and at the same time give 
the required consumer protect ion . Using the cost of inspect ing an item 
as u n i t , the cost function becomes equal to the average amount of 
inspect ion , which may be written as 
I = n + (N-n)(l-P ) (2-3) 
The optimum values of (n9c) are then determined as the values minimizing 
2 
I(p) under the r e s t r i c t i o n that P (p ) = .10. 
a ~t> 
In h i s remarks on the Dodge-Romig system of minimizing inspect ion 
c o s t s , Hald s t a t e s : 
Let us now consider the Dodge-Romig system within a somewhat 
wider framework of assumptions. Presumably they have chosen 
the ir rather vaguely spec i f ied prior d i s t r ibut ion partly because 
information on prior d i s tr ibut ions i s scarce and part ly to keep 
the number of parameters down. Even i f the prior d i s t r i b u t i o n 
formally i s represented in the system only by the one parameter 
p i t i s obvious that the prior d i s t r ibut ion a l so inf luences the 
choice of p^. It must be assumed that the prior d i s t r ibut ion 
extends on both s ides of p^. Further the choice of p^ must a l so 
depend on cost considerations which are not taken e x p l i c i t l y into 
Hald, op. ait,, p. 282. 
2Ibid. 3 p. 282. 
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account in the system. Instead of taking all cost elements into 
consideration Dodge and Romig limit themselves to inspection costs 
only presumably because these are the most easily accessible. 
Even if the concept of a loss resulting from the acceptance of 
defective items is not explicitly introduced it must be tacitly 
assumed that for lots of tolerance quality it would be cheaper 
to sort the whole lot than to accept the lot without inspection 
whereas for lots of process average quality the opposite is true 
, . . The cost function considered by Dodge and Romig is a monotone 
function of n and o and therefore (without any restrictions on n 
and d) leads to the conclusion that minimum inspection costs for 
product of normal quality are obtained by acceptance without 
inspection. To reach an optimum sampling plan which minimizes 
the average total inspection cost for normal production Dodge and 
Romig therefore has to introduce an (arbitrary) relation between 
n and o which is achieved by means of the above-mentioned condi­
tion that the OC-curve shall pass through a given point.l 
The System Designed by Hald 
Hald considers the design of a single sampling plan based on the 
prior distribution of lot fraction defective and the economic conse­
quences of rejection and acceptance. Initially, two basic assumptions 
are made: 
1. Defective items found by inspection (either sampling or 
sorting) are replaced by effectives. 
2. The average loss (due to servicing, rework, etc.) caused 
by an accepted defective item is used as the economic unit for the 
evaluation of other cost elements; i.e., it is given a value of 1 and 
all the other costs are expressed in terms of it. Thus the necessity 
of economically evaluating this cost is eliminated. 
In addition to the case of sampling inspection, three limiting 
cases are also considered—acceptance without inspection, rejection 
1Ibid.i p. 282. 
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without inspect ion ( a l l l o t s screened) , and the s i t u a t i o n where the 
qual i ty of each submitted l o t i s known. The l a s t case corresponds t o 
the minimum c o s t . 
For the sampling c a s e , Hald formulates an expression for the 
average t o t a l cost of inspect ion . This expression i s rather complex, 
and w i l l not be included here, but b a s i c a l l y i t i s re la ted to the 
nature of the prior d i s t r i b u t i o n , rather than the process average and 
producer's and consumer's r i sk po in t s . Hald devotes the remainder of 
h i s a r t i c l e to discuss ing prior d i s t r ibut ions and means of evaluating 
those terms in the average t o t a l cost expression which are dependent 
upon the prior d i s t r i b u t i o n . The object ive i s to s e l e c t an inspect ion 
plan with (nae) such that the average t o t a l cost of inspect ion i s 
• • • A 1 
minmized. 
Simi lar i ty of Research to That Done by Hald 
The concepts introduced by Hald regarding prior d i s t r ibut ions 
have been quite useful to t h i s writer in the development of minimum-
cost procedures. Some of them w i l l be discussed l a t er in the report . 
Hald and other authors general ly speci fy some arbitrary course 
of act ion with regard to rejected l o t s , such as screening or sor t ing 
the l o t s and replacing defec t ives with good items. One object ive of 
t h i s research, as mentioned e a r l i e r , i s to specify a means of s e l e c t i n g 
t h i s course of act ion such that the resu l tant cost i s minimized. Also , 
in t h i s research the cost of accepting a bad item w i l l be analogous to 1Tbid.3 pp. 282-340. 
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the cost of handling a defective item obtained by inspection. 
The approach adopted in this research is similar to that taken 
by Hald in that it emphasizes the importance of the prior distribu­
tion, but different in its conception of the costs of handling defec­
tive items. Also, the research is focused primarily upon failure 
costs, rather than the total cost of inspection. Basically, the intent 
of this research is to develop a new method of minimizing failure costs 




It i s necessary f i r s t to describe the environmental condit ions 
upon which t h i s study i s based. The primary bas i s for the study i s 
the dec i s ion-ac t ion diagram (Figure 3-1) on page 17. 
In the diagram, the boxes represent courses of a c t i o n , and the 
c i r c l e s represent dec is ion po in t s . The diagram i s intended to i l l u s ­
tra te the poss ib le courses that a f inished item may take after i t has 
l e f t the production l i n e . The diagram does not necessar i ly include a l l 
the poss ib le act ions to which an item might be subjected, but i t i s 
bel ieved that the majority of rea l l i f e p o s s i b i l i t i e s are encompassed. 
For the purposes of the study, only those courses of act ion which are 
i l l u s t r a t e d by the dec i s ion-act ion diagram w i l l be considered. 
A number of condit ions are se t down regarding the nature of the 
product. I t i s assumed that the product: 
1. Is of a s ing l e type. 
2. Is mass-produced and reaches the f ina l inspect ion stage 
in l o t s of a predetermined s i z e . 
3 . Is such that inspect ion w i l l not be des truc t ive . 
4 . Requires no producer serv ic ing in the f i e l d ; i . e . , the 
consumer must do any rework himself , but may return defec t ive 
mater ia l . 
D e f e c t i v e 
I t ems 
Figure 3-1. Decision-Action Diagram 
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The study is concerned with the final product, from the point of 
completion of production operations. Any subinspections that may have 
occurred prior to the completion of production are not considered. 
The producer first has the choice of subjecting lots of finished 
items to some form of final inspection, or accepting them as is. If he 
decides to inspect the lots according to some acceptance sampling plan, 
some of the lots will be rejected, according to the acceptance criteria 
of the plan. The producer must now make another decision as to what to 
do with the rejected lots. As shown on the diagram, he may sell the 
lots at a reduced price, screen them for defects, or scrap them. If he 
elects to screen the lots, he is again faced with several alternatives 
as to what to do with the defective items. It may thus be seen that an 
item which is part of a lot may follow a number of different paths 
through the diagram. 
The consumer faces similar decisions regarding incoming lots of 
finished items. He may inspect them himself, according to some plan 
which may or may not be similar to that of the producer, or accept the 
lots and proceed with the use of the items. The subsequent decision 
processes of the consumer are similar to those of the producer. However, 
the consumer has the option of returning unacceptable lots or items to 
the producer. 
If the consumer is satisfied with the overall quality level of 
the incoming product; i.e., he will continue to purchase from the pro­
ducer, then those lots which are accepted by the producer and sent to 
the consumer are of no further economic consequence to him, unless the 
lots (or items from the lots) are returned to him by the consumer. 
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In the event that unacceptable l o t s or items are returned to him, 
the dec is ion processes are again avai lable to him regarding the d i s p o s i ­
t i on of the returned material . 
The f i r s t object ive of t h i s study i s to develop a procedure for 
determining the l e a s t - c o s t method of handling rejected i tems, for those 
a l t e r n a t i v e s presented by the dec i s ion-ac t ion diagram. I t should be 
emphasized that the study assumes re jected material; i . e . , i t i s not 
concerned with any cos t s up to and including f i n a l inspect ion , but only 
those incurred through the handling of defect ive l o t s or i tems. 
A simple model w i l l be developed, which w i l l provide a means of 
ident i fy ing and minimizing the cos t s of handling defec t ive materia l . 
The model w i l l u t i l i z e data which i s already avai lable to the producer 
or r e l a t i v e l y easy to obtain. I t i s primarily a means of determining 
the cost of each a l t ernat ive open to the producer regarding defect ive 
mater ia l , so that the minimum-cost a l t ernat ive may be se l ec ted by 
inspect ion . 
The rejected material which the producer has on hand at a given 
time may or ig inate from two sources . His own acceptance procedure may 
r e s u l t in rejected l o t s , and l o t s or items may a l so be returned to him 
by the consumer. For example, the consumer may decide to inspect 
incoming l o t s , and return a l l rejected l o t s to the producer. 
I t w i l l be assumed that the producer u t i l i z e s a s ing l e sampling 
plan to inspect l o t s . With t h i s assumption in mind, each poss ib le case 
where de fec t ive material may be returned to the producer (as shown by 
the dec i s ion-ac t ion diagram) w i l l be considered. In those cases con­
sidered t o be most l i k e l y to e x i s t in rea l l i f e , an ana ly t i ca l method 
20 
will be developed for predicting the expected amount of unacceptable 
material which the producer will have on hand. 
Given the methods described above, and the minimum cost model 
discussed earlier, procedures will be specified for minimizing the 




A MINIMUM-COST PROCEDURE FOR HANDLING REJECTED ITEMS 
Introduction 
This chapter is concerned with a minimum-cost decision procedure 
for the handling of rejected items. As stated before, defective items 
may either be detected by the producer's inspection process or be 
returned to him by the consumer. The first case--that of defective items 
detected by the producer's inspection process—will be discussed, with 
the viewpoint that the minimization process developed may be extended 
to those items returned by the consumer. 
Producer Inspection 
As illustrated by the decision-action diagram, the producer first 
faces the decision as to whether to accept the items as is or to subject 
them to some form of inspection. It will be assumed that the decision 
is made to inspect the items, and that a single sampling plan is adopted. 
It is also assumed that the items reach the final inspection stage in 
lots of a predetermined size N. Some percentage of the lots will be 
rejected. These lots will contain some number (variable) of defects 
a per lot. If defective items in the samples are replaced by good 
items, then a will be equal to the remaining number of defects in the 
lot; if not, then a will be equal to the total number of defects in the 
lot. 
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Given a re jec ted l o t , the producer now has the three a l t ernat ive s 
of scrapping the l o t , screening i t , or s e l l i n g i t at a reduced pr ice . 
Although in r e a l l i f e i t may be known that one or more of the a l t erna­
t i v e s do not e x i s t or are so proh ib i t ive ly expensive that they must be 
el iminated from considerat ion, i t i s assumed that a l l three a l t ernat ives 
are a v a i l a b l e . 
Scrap Rejected Lots 
It w i l l be assumed that an excess demand s i tua t ion e x i s t s for the 
producer; i . e . , a l l l o t s that are not rejected may be so ld . Thus i f a 
re jec ted l o t i s scrapped, the resul tant l o s s in revenue w i l l be NC - J , 
where C i s the s e l l i n g price of a good item, and J i s the scrap value 
of the l o t (0 < J < C). I t i s l i k e l y that J w i l l be f a i r l y constant 
for each l o t (varying only with t ime) , and here i t w i l l be considered 
as constant for a l l rejected l o t s . The dif ference NC - J w i l l be 
regarded as the addi t ional cost (over and above the cos t s of production 
and inspect ion) of having a rejected l o t , although i t i s , s t r i c t l y 
speaking, a l o s s in revenue. Thus the cost of adopting the a l t ernat ive 
of scrapping a re jec ted l o t i s NC - J . 
S e l l Rejected Lots at Reduced Price 
I t may be known that re jec ted l o t s can be sold at some reduced 
price R per l o t . If a l o t i s sold at the reduced price R, the resul tant 
l o s s in revenue w i l l be NC - R. Again, t h i s l o s s in revenue w i l l be 
regarded as a c o s t - - t h e addit ional cost to the producer of having a l o t 
re jec ted and e l e c t i n g to s e l l i t at a reduced p r i c e . 
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The consumer purchases a reduced price l o t from the producer 
with the knowledge that i t has been re jected by the producer's inspec­
t ion plan. The question now ar i se s as to what the consumer's po l i cy i s 
toward rejected l o t s . I t seems l o g i c a l that he w i l l not inspect them 
by the same procedure as that used for incoming good l o t s , but use them 
d i r e c t l y , perhaps screening them for defec ts beforehand. In t h i s study, 
i t w i l l be assumed that no items from a reduced price l o t w i l l be 
returned t o the producer. The consumer pays a reduced price for the 
l o t s , but has to accept them as i s . 
Screen Rejected Lots 
The screening, or 100 per cent inspect ion of re jec ted l o t s , w i l l 
involve addit ional cost above that of production and inspect ion , due to 
addi t ional man-hours, f a c i l i t i e s , e t c . Let the estimated cos t of screen­
ing an item be s . Then the cost of screening a l o t i s (N-n)s , where n 
i s the number of items sampled in the f i n a l inspect ion . The defec t ive 
items in each rejected lot are replaced by good ones, and the lot then 
in theory contains 100 per cent good items. It i s assumed that any 
frac t ion defect ive in the l o t due to fau l ty screening w i l l be small 
enough so that a n e g l i g i b l e number of items face the p o s s i b i l i t y of 
being returned by the consumer. 
After sampling and screening a t o t a l of a de fec t ive items w i l l be 
obtained. Since there i s no method of determining the exact value of a 
for each l o t beforehand, some procedure must be adopted for predict ing 
or est imating an average value for a . Various procedures for de ter ­
mining E ( a ) w i l l be considered l a t e r . 
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The producer may now scrap the defect ive i tems, rework them, 
s e l l them at a reduced p r i c e , or u t i l i z e some combination of the three 
a l t e r n a t i v e s . Assuming that a l l three a l t ernat ives e x i s t , a procedure 
for minimizing the cost of handling defect ive items obtained by screen­
ing w i l l be developed. 
Scrap Defective Items 
Assume that each scrapped item has some salvage value </, where </ 
i s constant for a l l defect ive i tems, regardless of the type of defect 
(0 £ j < C). The addit ional "cost" of scrapping defect ive items w i l l 
be a(C-j), and the t o t a l addit ional cost w i l l be 
(N-rc)s + a(C-j) (4-1) 
S e l l Defective Items at Reduced Price 
Assume that each defect ive item may be sold for some reduced 
price a which depends on the type of defect (where each item has only 
one d e f e c t ) . The primary object ive i s to separate defect ive items into 
c lear ly i d e n t i f i a b l e c a t e g o r i e s , to which reduced pr ices may be 
assigned. The categories must be such that a defec t ive item may be 
c l a s s i f i e d in one and only one category. In t h i s study, categories 
w i l l be considered t o be defect types , and consequently each item may 
have only one type of de fec t . Units with d i f ferent types of defects 





k t o t a l number of d i f f erent defect types . 
number of uni t s with defect type i . 
a. reduced price for unit with defect type i . 
a t o t a l number of defec t ive items per l o t . 
The t o t a l addit ional cost w i l l now be 
(N-n)s + a(C-o) (4-3) 
for a rejected l o t , i f the dec is ion i s made to screen the l o t and s e l l 
defect ive items at reduced p r i c e s , I t i s assumed that no defec t ive 
items purchased from the producer at reduced pr ices w i l l be returned. 
Methods for obtaining average values for the a . ' s w i l l be 
discussed in Chapter V. 
Rework Defective Items 
Consider an average cost r to rework a de fec t ive item: 
k 
v = 7 a*r ./a 
i = l 
(4-4) 
where 
k t o t a l number of d i f ferent defect types , 
a. number of un i t s per l o t with defect type i . 
rework cost for unit with defect type i . 
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The t o t a l addit ional cost per l o t w i l l be 
where 
(N-n)s t or (4-5) 
Scrap, Rework, and Reduced Price Combination 
It i s poss ib le to u t i l i z e a combination of the three a l t ernat ives . 
Consider an expression which w i l l combine a l l three a l t e r n a t i v e s . Assume 
that : 
Items with defect types i = l , 2 , . . . , h are scrapped. 
Items with defect types i = h+1 ,h+2 , . . . ,m are reworked. 
Items with defect types i = m+l ,m+2, , . . ,k are sold at 
reduced p r i c e s . 
Now 
Scrap c o s t / l o t = a(C-j) 
o 
- f 
Rework c o s t / l o t = a r 
v 
where 
m v = y a.r./a 
i=h+l 
_ f 




<2 = y a ^ = total number of defective items scrapped 
s i = i *• 
m 
a




Q - I a ^ = total number of defective items sold at 
i=m+l reduced price. 
a + a + a -a 
8 r c 
The total additional cost for a rejected lot will be 
(N-n)s + a (C-j) + a r' + a (C-e') (4-6) s r a 
Now the average additional cost for rejected lots that are screened is 
(N-n)s + a (C-j ) + a r' + a (C-e') (4-7) © r @ 
The above expression may be reduced to that for each of the three 
alternatives separately, or to any combination of two of them. 
a - Y a.o./a 
i=m+l 
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The Minimum-Cost Procedure 
There are now a maximum of 3 combinations of the three alterna­
tives to be considered in the case where rejected lots are screened. 
One (or more) of these will yield a minimum value for (4-7). However, 
it is not necessary to consider all the combinations. Assuming that 
the policy selected for items of a particular type of defect is uniform 
for all items in that category, a minimum-cost procedure for the screen­
ing case may be determined by inspection. For each defect type i, 
select min (C-j ,r . ,C-<2 . ) . Since the alternative selected is uniform 
for all items in each grouping, the selection of the minimum cost 
figure for each type of defect will result in a minimum total additional 
cost for the screening case. 
Now the costs of the three initial alternatives are compared. 
These are: 
1. NC - J (scrap rejected lots). 
2. NC - R (sell rejected lots at reduced price). 
3. (N-rc)s + a (C-j) + a ^ ' + a^(C-a') (screen lots--minimum-cost 
procedure). 
The minimum of these three values is chosen, and the procedure cor­
responding to this value is adopted. 
The above procedure is very simple to apply, and is primarily an 
extension of the intuitive process utilized by many manufacturers. In 
a large number of situations, conditions may be such that the task of 
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obtaining cost est imates and price f igures w i l l not be j u s t i f i e d by the 
savings incurred, or simple enough such that a management decis ion.based 
upon avai lable data w i l l r e s u l t in the same minimum c o s t . However, in 
s i tua t ions where the volume of production i s high and a f a i r l y large 
number of defect types e x i s t , the previously described procedure would 
probably be j u s t i f i e d . 
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CHAPTER V 
ESTIMATING THE AVERAGE NUMBER OF DEFECTS AND THE 
FREQUENCY OF EACH TYPE OF DEFECT IN REJECTED LOTS 
Introduction 
As mentioned in Chapter IV, i t i s necessary to devise some 
method of predict ing or est imating the average number of defec ts and 
the frequency of each type of defect in rejected l o t s , in order that 
the a l t ernat ive of screening and subsequent action be taken into con­
s idera t ion . This chapter w i l l be concerned with means of obtaining 
these necessary va lues . 
Estimating the Average Number 
of Defects in Rejected Lots for 
Single Sampling Plans 
Given certa in f a c t s about the prior d i s t r i b u t i o n of the number 
of defec ts X in l o t s and the nature of the s i n g l e sampling plan, i t 
i s poss ib le to obtain an average value for a , the number of de fec t ive 
items in a re jec ted l o t , by ana ly t i ca l means. Two cases w i l l be con­
sidered—sampling where a equals the t o t a l number of d e f e c t i v e s in a 
re jec ted l o t , and sampling where a equals the number of de fec t ive s 
remaining in the unsampled portion of the rejected l o t . 
Case I 
a - t o t a l number of de fec t ives in re jec ted l o t s . 
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This case corresponds to the s i tua t ion where the sample, i n ­
cluding defec t ive items in the sample, i s returned to the l o t . In an 
accepted l o t , i t would be l o g i c a l t o replace the defec t ive items 
obtained by sampling with good ones . However, s ince t h i s d i scuss ion 
i s concerned with rejected l o t s only, i t w i l l be assumed that de fec t ives 
are not replaced with good items and the sample i s returned t o the l o t 
unaltered. 
Let X equal the number of de fec t ive items in a l o t , and f„(X) 
N 
be the prior d i s t r ibut ion of X. 
Now consider a s ing le sampling plan having a known operating 
c h a r a c t e r i s t i c function described by (N,n,<?), where n i s the sample s i z e 
and Q i s the acceptance number. For a given sample of s i z e n, the l o t 
from which the sample was taken w i l l be accepted i f x , the number of 
de fec t ive s in the sample, i s l e s s than or equal t o oa and re jec ted i f 
x i s greater than a. The probabi l i ty that a l o t containing X de fec t ive s 
w i l l be accepted i s given by 
f (X) = Probdot of s i z e N has X d e f e c t i v e s ) (5-1) 
where 
X = 0 , 1 , 2 , . . . , N 




This expression may be used to ca lcu late the p r o b a b i l i t i e s from which 
an OC-curve for the plan may be drawn.. For l o t s i z e s greater than ten 
times the sample s i z e , the p r o b a b i l i t i e s are given adequately by the 
binomial approximation:"'" 
c 
P (P) = I 
a £=0 
(n) 
xj px(l-n)n~x (5-3) 
where 
p = X/N 
If the samples are a l so l a r g e , the normal or Poisson d i s t r i b u t i o n s can 
be used. Generally, i f the l o t f rac t ion defec t ive p = X/N i s such that 
pN > 5, the p r o b a b i l i t i e s can be figured from the normal d i s t r i b u t i o n 
with mean p and standard deviat ion / p ( l - p ) / N . If pN < 5, the Poisson 
d i s t r i b u t i o n g ives be t ter r e s u l t s , the probabi l i ty of acceptance being 
given by 
P (p) = I (npf e'np/X\ (5-4) 
a &=0 
where 
1 Hald, op. oit.y p . 279. 
2 
Acheson J. Duncan, Quality Control and Industrial Statistics3 
Homewood, I l l i n o i s , Richard D. Irwin, I n c . , 1965, p. 133. 
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p = X / N 
P P ( X ) = 1 - P A ( X ) = I {x\{n-x\ [n\ ( 5 - 5 ) 
x=c+l 
The expected number of defectives in a rejected lot (for Case I) 
may be calculated by the following expression: 
I Xf N(X)P p(X) 
a = E ( X , ) = X . = - ( 5 - 6 ) 
^ ^ I f N(X)P p(X) 
X 
Case II 
a - number of defectives in remainder of rejected lot. 
This case is analogous to the situation where defective items 
are replaced with good ones, or where the sample is not returned to the 
lot. 
Hald defines several expressions which are useful for the pur-
1 poses of this discussion. Let" 
1Hald, op. oit.a p. 284. 
For the purposes of the discussion, the general (hypergeometric formu­
lation) will be used. 
Now the probability that a lot with X defectives will be 
rejected is 
n fx) / N - X ) fa 
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P(.r.|x) = Prob(sample of size n from lot of size N containing 
X defectives will contain x defectives 
N-X / N 
\n~x\l [nj 
(5-7) 
It may be seen that 
P (X) = I P(*|X) 
X=0 
(5-8) 
Then the simultaneous distribution of X defectives in the lot and x 
defectives in the sample is given by"*" 
P(X,aO = fN(X)P(ar|x) (5-9) 
from which the marginal distribution of or; i.e., the overall, or avevage 
probability of x defectives in the sample, is derived:"*" 
g(x) = I P(X,«) = I f (X)P(*|X) 
X X 
(5-10) 
The proportion of rejected lots is" 
n 
I g (*) 
X-O+l 
(5-11) 
1Ibid. , p. 286. 
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It may now be seen that the expected number of defects in a sample from 
a lot that is rejected is 
n 
E(x .) = X . = 7 xg (x) (5-12) 
An expression for X . has been derived for Case I. Now the number of 
re: 
defective items remaining in the lot is simply (X - x), and (from sta­
tistical theory which states that E(a ± b) = E(a) ± E(b) if a and b 
are random variables with expectations"'") it may be seen that 
a - E(X . - % .) = E(X .) - E(x .) = X . - X . (5-13) re] re] re] re] re] re] 
Thus analytical expressions for determining a for both cases have been 
developed. 
Prior Distributions 
There are a number of prior distributions discussed in the 
literature. The general nature of each prior distribution will be 
discussed here, and § n( £ C) will be specified in each case, in view of 
its relevance in calculating the average number of defects in rejected 
lots for Case II. 
Two-Point Binomial 
Consider the distribution f V T(X) such that: 
N 
^William Feller, An Introduction to Probability Theory and Its 
Application, New York, John Wiley £ Sons, 1966, p. 208. 
3 6 
f N (X) = <\ 
w 1 for X = X 1 
w 2 for X = X 2 ( 5 - 1 4 ) 
[0 for a l l other X X = 0 , 1 , 2 , . . . 9 N 
For t h i s r e l a t i v e l y simple d i s t r ibut ion 
G^(A?) = W 
f \ 
x l rfN] X 2 N-X2' / V 
X 
\ J 
n-x )/ t w 2 a: n-ai / ( 5 - 1 5 ) 
Hyper ge ome t r i e 
Consider the s i t u a t i o n where a stock of the same s i z e and com­
pos i t ion always e x i s t s , namely M items containing A = Mp d e f e c t i v e s , 
and that l o t s of N items are se l ec ted at random from t h i s s tock. The 
prior d i s t r i b u t i o n i s then"'" 
f N (X) = 
A M - A ] > ^ [ M ' 
N - X / ( 5 - 1 6 ) 
• 0 M-N A-X ( 5 - 1 7 ) 
The expression for g^^) f ° r f n e hypergeometric d i s t r ibut ion and for 
several other important d i s t r ibut ions may be determined from a theorem 
of H a l d ' s . 2 
Let X denote the number of elements having a cer ta in a t t r ibute 
in a population of N elements and l e t x and y = (X-x) denote the 
corresponding numbers of elements in a random sample (drawn 
Hald, op. oit.3 
Ibid.s p . 2 9 9 . 
37 
without replacement) of s i z e n and in the remainder of the popu­
l a t i o n , r e s p e c t i v e l y . If the d i s tr ibut ion of X i s a hypergeometric, 
a binomial, a rectangular, a Polya, or a mixed binomial d i s t r i b u ­
t i o n , or any weighted average of these d i s t r ibut ions with weights 
independent of N and X, then for any N the d i s t r ibut ion of x i s 
the same as the d i s tr ibut ion of X with n subst i tuted for .N, and the 
d i s t r ibut ion of y for given x i s a l so of the same type but with 
parameters depending on x and n. 
Thus for the hypergeometric case 
A ] IM-A" M 
nl (5-18) 
Binomial 
Let the l o t s to be inspected be produced by a process in control 
with process average equal to p so that"'' 
f N (X) = [ x ) p X ( l - p ) N " X (5-19) 
Hald"*" considers the compound probabi l i ty P(#.>2/), where y - X - X. He 
shows that 
P ( x , y ) = fn0r;p)fN_n(s/;p) (5-20) which means that X and y are s t o c h a s t i c a l l y independent and that both 
variables are binomially d i s tr ibuted with parameters spec i f i ed by the 
theorem mentioned e a r l i e r . Thus 
1Ibid.3 p. 297. 
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g n ( * ) = (5-21) 
where 
p = x/n 
Other d i s t r i b u t i o n s , such as the Polya and mixed binomial, are 
discussed in the l i t e r a t u r e . For a l l of the prior d i s t r ibut ions 
encountered, the f i n a l expressions for the number of defects in 
rejected l o t s (Cases I and I I ) are lengthy and somewhat complicated, 
and do not s implify to any s i gn i f i cant degree. For most prior d i s t r i b u ­
t ions the process of ca lcu la t ing the average number of defects in 
rejected l o t s by hand i s so tedious as to be impractical from the 
producer's viewpoint. There are two a l t ernat ive methods of de ter ­
mining a: 
1. U t i l i z e e x i s t i n g computer f a c i l i t i e s and prepare a program 
for ca lcu lat ing a. 
2. Determine an estimate of a by ac tua l ly screening re jec ted 
l o t s , or by s imulating, sampling and screening l o t s u t i l i z i n g Monte 
Carlo techniques. 
Estimating the Average Number of Defects in Rejected Lots 
by Sampling and Screening Simulated Lots 
It was desired to t e s t the c loseness of r e s u l t s obtained by 
simulating and sampling l o t s to those predicted by the ana ly t i ca l pro­
cedures for Cases I and I I . 
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A simple prior d i s tr ibut ion was used, and Monte Carlo simulation 
was used to generate lots."*" The l o t s were sampled randomly according to 
a s ing le sampling plan with spec i f i ed parameters, and the average number 
of defect ive items in re jec ted l o t s for both Cases I and II was tabu­
lated . 
Prior Distr ibut ion 
The prior d i s t r ibut ion was a two-point binomial, s p e c i f i c a l l y : 
fNcx) = <; 
w for X = X 1 
w 2 for X = X 2 
0 for a l l other X 
X = 0 , 1 , 2 , . . . , 1 0 0 0 
X = 20, X 2 = 219 
w = 0 .90 , w 2 = 0.10 
Single Sampling Plan 
The s i n g l e sampling plan se lec ted may be described by the 
fol lowing parameters: 
N = 1000. 
Producer's r i sk point = Cp^a) = ( 0 . 0 2 , 0 . 0 5 ) . 
Consumer's r i sk point = (pg ,3) = ( 0 . 2 1 9 , 0 . 1 0 ) . 
a = 1. 
^"Ernesto Ruiz Pala, Carlos Avi la-Beloso , and William W. Hines, 
Waiting-Line Models, An Introduction to Their Theory and Application, 
New York, Reinhold Publishing Corporation, 1967, pp. 107-138. 
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rc = 18. 
Procedure 
1000 l o t s were generated by the Monte Carlo simulation procedure. 
A random sample was drawn from each l o t , and the l o t was rejected or 
accepted according to the c r i t e r i a of the plan. A tabulat ion was made 
of the number of defect ive items in rejected l o t s . 
Results 
Figure 5-1 i l l u s t r a t e s the cumulative tabulated average number 
of de fec t ive items per re jected l o t as a function of the number of l o t s 
sampled, for Case I . The horizontal l i n e represents the expected value 
calculated by the a n a l y t i c a l procedure. Figure 5-2 presents the cumula­
t i v e average as a function of the number of re jec ted l o t s , and Figure 
5-3 shows the same re la t ionsh ip for Case I I . 
Analysis of Results 
I t may be seen that the tabulated value in each case f luctuates 
about the true value and approaches i t as the maximum number of l o t s 
sampled (or re jec ted l o t s screened) i s reached. The natural conclusion 
that may be drawn i s that the cumulative e f f ec t w i l l cause the tabulated 
f igure t o approximate the true value more c l o s e l y as more l o t s are 
sampled. Since a n a l y t i c a l confidence in terva l s were not derived for 
est imates of a by sampling simulated (or ac tua l ) l o t s , any recommenda­
t ions as to the number of l o t s to be sampled (or rejected l o t s to be 
screened) must be somewhat arbitrary in nature. Keeping t h i s r e s t r i c ­
t i on in mind, t h i s writer w i l l suggest an arbitrary figure of 200 as 
the minimum number of rejected lots to be screened in order to insure 
95 per cent confidence regarding the true value of a. 
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Case I. Defective Items 
in Sample Returned 
to Lot 
Sampling Without Replacement 
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Number of Lots Sampled 
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Figure 5-1. Average Number of Defective Items per Rejected 
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Case I: Defective Items in 
Sample Returned 
to Lot 
Sampling Without Replacement 
Expected Value 
0 15 30 45 60 75 90 105 120 
Number of Rejects Lots Screened 
135 149 
Figure 5-2. Average Number of Defective Items per Rejected Lot 
as a Function of the Number of Rejected Lots Screened 
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Case II: Defective Items in 
Sample Not Returned 
to Lot 
Sampling Without Replacement 
30 45 60 75 90 105 
Number of Rejected Lots Screened 
120 135 
Figure 5-3. Average Number of Defective Items per Rejected Lot as 
a Function of the Number of Rejected Lots Screened 
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Estimating the Frequency of Each Type 
of Defect in Rejected Lots 
In Chapter IV the average minimum-cost expression for the 
alternative of screening and subsequent action was given by 
Cost = (N-n)s + a ?' + a (C-5) + a (C-j) r a s 
It may be seen that this cost is dependent upon the values of the a . ' s — 
Is 
the frequencies of the different types of defects. Therefore, it is 
necessary to devise some method of predicting the average values of 
the a.'s. 
In the previous section, a was estimated by arbitrarily screening 
a sample of rejected lots. It was suggested that a minimum number of 
200 rejected lots be screened in order to insure 95 per cent confidence. 
Since no analytical procedure for obtaining confidence intervals for a 
was developed, the simple rule of sampling more rejected lots to obtain 
a more accurate estimate was recommended. It is not likely that the 
prior distribution of each type of defect will be known, and therefore 
the producer must resort to estimating the average values of the a.'s 
Is 
from sample data. It will be necessary to screen and sort actual lots 
to obtain these average values. Again, the procedure of sampling more 
rejected lots to obtain greater accuracy is recommended. However, since 
each a . is less than a , for a given number of screened lots the accuracy 
Is 
of the estimate of each a« will be less than the estimate of a . If the 
producer desires very accurate estimates of the a.'s, he should plan to 
1s 
screen a sample of rejected lots considerably larger than the arbitrary 
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number of 200 mentioned earlier; if he is willing to tolerate less 
accurate estimates and settle for a reasonably close approximation of a, 
then the figure of 200 might be regarded as sufficient. 
Methods of Tabulating Data 
Some method of tabulating data may easily be devised by the pro­
ducer. For example, the types of data collection sheets illustrated by 
Figures 5-4 and 5-5 might be used. 
Adjusting the a / s for a Known Analytical Value of a, 
If it is possible for the producer to determine the value of a 
analytically, then it is suggested that each a . obtained by sampling 
be multiplied by the factor a ./a , so that the new a.'s will retain 
iy es t 1s 
their proportionality but sum to a rather than a . 
est 
A Revised Cost Expression 
The assumption is made that for each a,3 the ratio a./a is oon-
stant over all values of a; i.e., in the long run each a. is some fixed 
percentage of a, regardless of the value of a. With this assumption in 
mind, it is possible to define a minimum average cost per item of hand­
ling defective items after screening, independent of the value of a: 
o. = (a r' + a (C - 3 ' ) + a (C-j))/a (5-22) m m r o s 
The average minimum cost o . will be constant over all values of a. 
mm 
Now the average minimum total cost of screening may be rewritten in the 
following form: 
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Figure 5-5. Proposed Data Tabulation Sheet---Summary Sheet 
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It i s seen that the magnitude of the screening c o s t , assuming f ixed 
sample s i z e , var ies d i r e c t l y with a (the reason for assuming f ixed 
sample s i z e w i l l be discussed in Chapter VI) , The cost expression 




MINIMUM-COST MODELS INCORPORATING CONSUMER BEHAVIOR 
Consumer Behavior 
Some pol icy may e x i s t by which the consumer returns defect ive 
l o t s or items to the producer. These consumer-rejected l o t s or 
defect ive items (part ia l l o t s ) are combined with the l o t s rejected 
by the producer himself to form his t o t a l stock of defect ive material . 
The minimum-cost procedure discussed previously assumes that 
complete l o t s e x i s t i n i t i a l l y . According to the consumer's po l icy 
toward returning defect ive material , the producer's stock of defect ive 
material may cons is t of complete l o t s only, or of complete l o t s and 
par t ia l l o t s . Part ia l l o t s , or groups of defect ive i tems, may not be 
subjected to the ent ire minimum-«cost dec is ion process , s ince the process 
presupposes complete l o t s , and must enter the process at a l a t e r point 
(as shown by the dec i s ion-act ion diagram). If only complete l o t s are 
returned by the consumer, the ent ire decis ion process may be applied 
to a l l de fec t ive material (s ince a l l defect ive material w i l l be in l o t s ) . 
The case where only complete l o t s are returned by the consumer i s given 
primary at tent ion in the d iscuss ion . 
According to the dec i s ion-act ion diagram, there are f ive d i f f e r ­
ent cases in which material rejected by the consumer may be returned to 
the producer: 
Case 1—Incoming l o t s are inspected by the consumer, and rejected 
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l o t s are returned to the producer. No de fec t ive items discovered during 
use of accepted l o t s w i l l be returned. 
Case 2—Same as Case 1 , except that de fec t ive items from accepted 
l o t s are returned. 
Case 3—Incoming l o t s are inspected and re jec ted l o t s are 
screenedj the de fec t ive items being sent back to the producer. No 
de fec t ive items from accepted l o t s are returned. 
Case 4—Same as Case 3 , except that de fec t ive items from accepted 
l o t s are returned. 
Case 5—Incoming l o t s are accepted without in spec t ion , and 
de fec t ive items discovered during use are returned. 
Each case w i l l now be considered in more d e t a i l . 
Case 1 
The consumer submits incoming l o t s t o a s i n g l e sampling plan 
with known (n'^c'), where n' i s the sample s i z e and a' i s the acceptance 
number for the plan. A l l re jec ted l o t s are returned (sample included); 
a l l accepted l o t s are used. 
The producer now has l o t s that have been re jec ted by h i s samp­
l i n g plan, and l o t s that have been accepted by him but re jec ted and 
returned by the consumer. Since a l l of h i s unacceptable material i s 
in l o t s , he may subject the ent i re stock t o the complete dec i s ion 
process . 
The number of unacceptable l o t s which the producer has on hand 
at a given time w i l l be the sum of the number re jec ted by h i s own 
sampling plan and the number re jec ted and returned by the consumer, 
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It i s of economical in t ere s t to the producer t o minimize the t o t a l 
number or re jec ted l o t s on hand. This may be done by minimizing the 
probabi l i ty of obtaining a re jec ted l o t . An expression for the 
probabi l i ty of obtaining a rejected l o t w i l l be developed, and pro­
cedures for minimizing t h i s probabi l i ty w i l l be d iscussed. 
As discussed prev ious ly , the minimum-cost procedure for handling 
rejected l o t s involves b a s i c a l l y a choice between three a l t erna t ive s— 
scrap re jec ted l o t s , s e l l them at a reduced p r i c e , or screen them and 
take minimum cost act ion with defec t ive i tems. If r e j ec ted l o t s are 
scrapped or sold at a reduced p r i c e , the resu l tant l o s s in revenue i s 
assumed t o be independent of the number of de fec t s in the l o t s ; i . e . , 
a s i n g l e scrap value or reduced price e x i s t s for the l o t s . However, 
the minimum cost of screening and subsequent act ion i s dependent upon 
the number of de fec t ive items in the re jec ted l o t s . An ana ly t i ca l 
procedure has been spec i f i ed for determining the average number of 
de fec t s in a l o t rejected by the producer's inspect ion plan. A proce­
dure which includes both the producer's and consumer's inspect ion 
plans w i l l be developed. 
Probabi l i ty P(R) of Obtaining a Rejected Lot 
Consider the modified prior d i s t r i b u t i o n pf l o t s received by the 
consumer. If i t i s assumed that the producer does not replace de fec t ive 
items in the sample with good ones before sending the accepted l o t to 
the consumer, then the modified prior d i s t r i b u t i o n w i l l be 
f '(X) - fM(X)P (X) N N a (6-1) 
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However, i t i s more reasonable to assume that de fec t ive items in the 
sample are replaced by good ones. Given an accepted l o t with X 
d e f e c t i v e s , the expected number of de fec t ive items E(x ) in the sample 
a 
w i l l be 
a 
E(X ) = X= I Xg(x) (6-2) 
a * x=0 
and thus the modified prior d i s t r ibut ion f f ( X f ) i s given by 
f «(X') = f M (X)P (X) (6-3) N N a 
where 
X' = X - x (6-4) a 
I t i s seen that X1 i s not l i k e l y to be an in teger , and thus the hyper-
geometric d i s t r i b u t i o n may not be used to ca lcu la te the p r o b a b i l i t i e s 
of acceptance for the consumer. I t i s necessary t o approximate the 
p r o b a b i l i t i e s of acceptance by means of the binomial d i s t r i b u t i o n . 
Let p ' = X'/N. Now f ( p ' ) = f N ' ( X ' ) , and the probabi l i ty that 
the consumer w i l l accept (using a s i n g l e sampling plan) an incoming l o t 
with frac t ion defec t ive p f i s given by 
P ( p . ) = I 
a x<=0 
X% Yl% -X1 
( P ' ) ( 1 - P ' ) (6-5) 
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where 
n1 = s i z e of sample for consumer's plan. 
o ' = acceptance number for consumer's plan. 
Likewise, the probabi l i ty that the consumer w i l l r e j e c t an incoming 
l o t with fract ion defec t ive p ' i s given by 
P r ( p ' ) = 1 - P a ( p ' ) * I l*'J 
( p ' ^ ' d - p ' ) * ' " * ' (6-6) 
Now the probabi l i ty that the producer w i l l obtain a re jec ted l o t may be 
determined as fo l lows: 
P(R) = Prob(rejected l o t ) - Probdot re jec ted by producer) 
+ Probdot accepted by producer) x Probdot accepted 
by producer i s re jec ted by consumer) 





gn(x) = I H x / X Y = I |xj x x fN1/l N 
Likewise, the proportion of l o t s accepted by the producer i s 
x = o 1 
The proportion of incoming lots rejected by the consumer is 
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n' 
x ' * c ' + 1 1 
(6-7) 
where 
(X*) = I F(X< |X') 
and 
P(rc'|x') = P(£c'|p') = [x']ip')X\l-p')n' * 
The probability of a rejected lot may thus be expressed mathematically 
as: 
n 
P(R) = I g n ( x ) + 
x-0 
g n ( x ) 
x1=o'+l 
g n(^') (6-8) 
Expected (Average) Number of Defects in an Unacceptable Lot 
The average number- of defective items in an unacceptable lot 
which the producer has on hand will be a weighted average of the value 
for lots rejected by himself and the value for returned lots. Redefining 
a as the average number of defective items in any unacceptable lot: 
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a = (proportion of l o t s re jec ted by producer) x (average 
number of defec ts in l o t s re jec ted by producer) + 
(proportion of l o t s accepted by producer) * (proportion 
of l o t s accepted by producer that are rejected by con­
sumer) x (average number of defects in l o t s re jec ted by 
consumer). 
I t w i l l be r e c a l l e d that the average number of defec t ive items in a 
producer-rejected l o t (assuming Case I ) was found to be 
l *yx)p (x) 
x _ 
| V X ) P r ( X ) 
Likewise, for the consumer's s i t u a t i o n 
I (Np')f (p' )P (p») 
I f<P ')P (p'> 
P' 
I p , f ( p , ) P T , ( p ' ) 







g n t e ) re] x=0 
g n ( x ' ) X' re] 
( 6 - 1 0 ) 
Minimizing the Total Failure Cost for Case 1 
In the previous section, expressions were derived for deter­
mining the probability of a rejected lot and the average number of 
defective items per lot. These expressions will be utilized in the 
process of minimizing total failure cost for Case 1. 
Consider the failure cost per lot per lot produced (given that 
all lots are inspected by the producer-). This cost will be 
Failure cost/lot = P(R) x (Failure cost per rejected lot) 
As stated before, there are three basic alternative for handling 
rejected lots—scrap, sell at a reduced price, or screen and take 
minimum-cost action with defective items. The three alternative 
failure costs per lot produced will thus be; 
(1) P(R) x (NC - J) 
(2) P(R) x (NC - R) 
( 3 ) P(R) x ((N-n)s + ac . ) 
mm 
57 
It was assumed previously that (NC - J) and NC - R) were con­
s t a n t s , independent of the number of d e f e c t s . Therefore, (1) and (2) 
may be minimized by determining the minimum value of P(R). However, 
i t i s only necessary to consider one of the two, namely min((NC - J ) , 
(NC - R), and then ca l cu la te 
P(R) . x min((NC - J ) , (NC - R)) (6-11) min 
= P(R) . x constant (6-12) mm 
Now (3) i s dependent upon t w o vaiues^—P(R) and a—which are not inde­
pendent of each other . Minimizing P(R) may not minimize the t o t a l 
express ion, nor may minimizing 5. Thus i t i s necessary to minimize 
the t o t a l expression; i . e . , ca lcu la te 
min[P(R) x ((N-n)s t o e . ) ] (6-13) 
min 
The QC-Curve and Parameters of the Single Sampling Plan 
The primary means of describing a s p e c i f i c sampling plan i s i t s 
OC-curve. The OC-curve i s the p lo t of probabi l i ty of acceptance versus 
l o t f rac t ion d e f e c t i v e , Figure 6-1 i l l u s t r a t e s a t y p i c a l OC-curve for 
a s ing le sampling plan."^" 
Acheson, J . Duncan, Q u a l i t y C o n t r o l a n d I n d u s t r i a l S t a t i s t i c s , 
Homewood, I l l i n o i s , Richard D. Irwin, I n c . , 1965, p. 134. 
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Figure 6 -1 . OC-Curve for the Single Sampling Inspection 
Plan with n = 100 and a = 2 
The coordinates of each point on the OC-curve are (p , P ( p ) ) , where 
cl 
p = X / N and 
fx) (n-x) A N } x=0 
The idea l OC-curve that discriminated per fec t ly between good and 
bad l o t s would have a s-shape. This curve would run hor izonta l ly at a 
probabi l i ty of acceptance of 1.0 u n t i l some frac t ion de fec t ive p* = X * / N 
considered unacceptable was reached, at which point i t would drop v e r t i ­
c a l l y t o zero and remain there for a l l values of p greater than p*. 
Thus perfect control over the qual i ty of inspected material would be 
insured. However, such an ideal plan can never be at ta ined except by 
100 per cent inspect ion , 
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The shape of the OC-curve depends upon the parameters n and a, 
for f ixed l o t s i z e N. Increasing the sample s i z e (while increasing a 
proport ionately) increases the prec i s ion of the plan; i . e . , the c l o s e ­
ness of i t s shape to the a-shape, as shown by Figure 6-2."*" Varying a 
(for f ixed n) changes the probabi l i ty that a l o t with a given f rac t ion 
de fec t ive w i l l be accepted. Increasing a "tightens" the plan, and the 
OC-curve i s lowered. Increasing a causes the plan to become more l a x , 
2 
and the OC-curve i s ra ised (Figure 6-3). 
I t may be seen that P(R) and a are a l so dependent upon n and c , 
and varying these parameters w i l l cause P(R) and a to change. Assuming 
a consumer s ing le sampling plan with known, f ixed (n',c')9 the pro­
ducer may vary n (keeping a proport ional ) , a, or n and a to obtain 
minimum values for the two a l t e r n a t i v e s mentioned previous ly . 
Increasing the sample s i z e may r e s u l t in an increase in the cost 
of carrying out the inspec t ion; i . e . , appraisal cos t s may r i s e . I t 
would thus be necessary to consider the combined cos t s of appraisal 
and f a i l u r e in the a n a l y s i s . Since t h i s study i s concerned e x c l u s i v e l y 
with fa i lure c o s t s , emphasis w i l l instead be focused on varying a for 
f ixed n (and thus f ixed appraisal c o s t ) t o obtain a minimum f a i l u r e 
c o s t . 
The a l t e r n a t i v e of no inspect ion at a l l by the producer must be 
explained. In t h i s c a s e , P(R) and a become equivalent to the expres­
s ions developed e a r l i e r for the case where l o t s were submitted to only 
Ibid., p . 135. 
2Ibid., p . 136. 
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Lot Fraction Defective 
Figure 6-2, OC-Curves for Different Sample Sizes 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 
Lot Fraction Defective 
Figure 6-3. OC-Curves for Different Acceptance Numbers 
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one inspect ion plan (the producer 's ) , subs t i tu t ing n' and a' for n 
and a. That i s , for the case of no inspect ion by the producer 
P(R) I g (») (6-14) 
and 
i Xf N (X)P r (X) "a = - (6-15) I f N ( x ) P r ( x ) 
A 
The Minimum-Cost Procedure 
The course of act ion which w i l l minimize the t o t a l f a i l u r e cost 
may now be determined graphica l ly . Given knowledge of the (n'^o') of 
the consumer's sampling plan, the producer may consider the fo l lowing 
a l t e r n a t i v e s : 
1 . Do not inspec t . 
2. Set a = 0 , 1 , 2 , . . . , n . 
The minimum f a i l u r e cos t i s obtained as fo l lows: 
(a) Plot P(R) as a function of NI (no inspect ion) and a -
0 , l , 2 , . . . , n , and s e l e c t P(R) . . 
mm 
(b) Se lect min((NC - J ) , (NC - R)) and ca l cu la t e 
P(R) . x minUNC - J ) , (NC - R)) 
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(c) Plot P(R) x ((N-»)s + aq . )) as a function of NI, 
mm 
a - 0 , 1 , 2 , t t , and select 
min[P(R) x ((N-n)s + ac . )] 
mm 
(d) Compare (b) and (c) and select the minimum value. 
Thus a procedure has been determined for Case 1 which will 
select the course of action which minimizes total failure cost. Case 
1 has been given particular attention because it is the belief of this 
writer that of the situations considered it is the one most likely to 
exist between the producer and consumer. 
Case 2 
Case 2 is concerned with the situation where lots rejected by 
the consumer are returned, and defective items from accepted lots are 
also returned. 
It appears that Case 2 is not a logical course of action for 
the consumer to adopt. If the policy is to return all defective items, 
the inspection procedure will merely result in returning a large number 
of good items also. Since no defects are tolerated, the inspection 
process is of no value. Thus Case 2 will be disregarded from further 
c ons iderat ion. 
Case 3 
The consumer inspects incoming lots, and all rejected lots are 
screened, rejected items being returned to the producer. 
The producer may not subject returned items (partial lots) to 
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the ent ire dec i s ion process discussed prev ious ly , but must consider 
them at a l a t e r point in the process . The t o t a l re su l tant cos t w i l l 
be the sum of the cos t s of handling re jec ted l o t s and handling returned 
i tems. 
As shown by the dec i s ion-ac t ion diagram, the producer may scrap 
returned d e f e c t s , s e l l them at a reduced p r i c e , or rework them. The 
dec i s ion process i s i d e n t i c a l to that taken with defec t ive items 
obtained by screening. If sort ing of the returned items into the 
various c l a s s i f i c a t i o n s takes p lace , then a cost i s incurred. This 
c o s t , on a per-item b a s i s , w i l l be assumed to be i d e n t i c a l to the cos t 
per item of screening and sort ing re jec ted l o t s . 
Assume that the same minimum-cost procedure i s adopted for 
returned items as i s u t i l i z e d for defec t ive items obtained by screening. 
Then the cos t (per l o t ) of handling returned items i s given by 
a ' s + a^'*5" + a f (C -5" ) + aa'(c-J) (6-16) 
where a ' , a ' , a ' , a ' , r", and c" correspond to a, a , a , a , r 1 , 
r p s v p s 
and <?', r e s p e c t i v e l y , but pertain to returned items rather than defec­
t i v e items obtained by screening, and are on a "per l o t s i z e" rather 
than a "per l o t " b a s i s . 
I t w i l l be reca l l ed that the average minimum cost a . of hand-
° mm 
l i n g a re jec ted item af ter screening was developed, and that c m ^ n i s 
constant for a l l values of a. Since returned defec t ive items came 
o r i g i n a l l y from the same production process that y ie lded the de fec t ive 
items obtained by screening, and the same dec i s ion process i s used for 
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both c a s e s , i t i s l o g i c a l t o assume that a . a p p l i e s a l s o t o r e t u r n e d 
& nun r r 
d e f e c t i v e i t e m s , and t h a t i t i s c o n s t a n t for a l l v a l u e s of a ' . The 
average minimum cost (per l o t s i z e ) of handling returned items i s now 
given by 
a ' s + a ' 3 . = 5 ' ( e + 3 . ) (6-17) min mm 
where a ' i s given by ( 6 - 9 ) . 
The producer may now use the same techniques mentioned in Case 1 
to determine the fol lowing two express ions: 
(a) min{P(R) x [min((NC - J ) , (NC - R)) + a ' ( a t 3 . ) ] } 
min 
(b) min[P(R) x ((N-n)8 + a c . + a ' s + a ' 3 . ) ] 
min min 
= min[P(R) x ((N-n+aMs + ( a t a ' ) c . ) ] 
mm 
The producer then s e l e c t s the l e s s e r value of (a) and ( b ) , and takes 
the corresponding course of act ion to minimize h i s t o t a l f a i l u r e c o s t . 
Case 4 
Case 4 i s analogous to Case 2 , except that only re jec ted items 
are returned, instead of re jec ted l o t s . Again, i t appears that Case 4 
i s not a l o g i c a l course of act ion for the consumer. The inspect ion 
process w i l l be of no value to the consumer. Thus minimum-cost t ech­
niques for Case 4 w i l l not be developed. 
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Case 5 
The producer accepts incoming l o t s without inspect ion and returns 
a l l de fec t ive i tems. 
Since a l l defect ive items are returned by the consumer, i t i s 
of economic value to the producer t o detect l o t s with a high fract ion 
d e f e c t i v e , unless good w i l l i s a s i g n i f i c a n t fac tor . The e f f e c t s of 
good w i l l (or lack of i t ) depend largely upon the part icular producer-
consumer r e l a t i o n s h i p , and are d i f f i c u l t t o evaluate on a monetary 
b a s i s . Therefore, Case 5 w i l l not be subject to analys i s in t h i s study. 
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CHAPTER VII 
CONCLUSIONS AND RECOMMENDATIONS 
Concluding Remarks 
Procedures have been developed for minimizing the f a i l u r e cost 
to the producer in two d i f ferent s i t u a t i o n s f e l t by t h i s writer to be 
f a i r l y common in r e a l l i f e . The research i s oriented primarily toward 
high-volume manufacturing enterprises where i t i s known that the buyer 
w i l l subject incoming l o t s of f in i shed material t o some form of s t a ­
t i s t i c a l sampling inspect ion . Minimizing the f a i l u r e cost may not 
r e s u l t in the lowest poss ib le o v e r - a l l inspect ion c o s t , but the c o s t s 
for the e x i s t i n g inspect ion process w i l l be minimized and the e f for t 
involved in s e t t i n g into motion a completely new inspect ion procedure 
w i l l be el iminated. 
Recommendations 
There are a number of areas of poss ib le i n t e r e s t extending the 
research in t h i s study, which t h i s writer lacked the time to pursue. 
The more important of these w i l l be s e t down as recommendations for 
future research. 
Computer Program 
The development of a computer program t o carry out the graphical 
techniques described in Chapter VI would f a c i l i t a t e the s e l e c t i o n of 
the minimum f a i l u r e cos t inspect ion plan. The ca lcu la t ion process 
becomes f a i r l y complex for prior d i s t r i b u t i o n s other than the simple 
67 
two-point binomial, and a general computer program adaptable to a l l 
prior d i s t r ibut ions would be he lp fu l . 
Extension of the Models to Changes in the Sample Size 
By considering the e f f e c t s of changing the sample s i z e n in 
addit ion to the acceptance number a for the producer's inspect ion plan, 
a plan may be se l ec ted which minimizes the sum of appraisal cos t s and 
f a i l u r e c o s t s , rather than fa i lure cos ts a lone. New cost expressions 
would be n e c e s s i t a t e d , which would incorporate the cos t of inspect ing 
an item. The model for minimizing t o t a l inspect ion cos t s would then 
f a l l in l i n e with the general approach u t i l i z e d by most authors in the 
l i t e r a t u r e . 
Extension of the Models to Different Types of Inspection Plans 
In the study, i t was assumed that s ing le sampling plans were used 
by both producer and consumer. It would be of i n t e r e s t to develop new 
cost models based on d i f ferent combinations of s t a t i s t i c a l sampling 
plans ( e . g . , multiple sampling, sequential sampling) for the producer 
and consumer. An ult imate object ive would be to derive a procedure for 
speci fy ing the optimum type of plan for the producer to use and the 
optimum parameters for that plan, given the knowledge that the consumer 
i s using a certa in type of plan with known parameters. 
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